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ABSTRACT

Anafyvtical demonstrations of the similitude between the enveloping
conditions forms, as they result from using the different methods fo study
the enveloping surfaces are exposed in this paper.

It is proved the equivalence between the methods: universal (Olivier'’s,

Gohman’'s method,
circles”,

“minimum distance”,
“trajectorv method”) and particulariy (the method of the

“the family of substituting

normals - Willis and Nikolaev). It is also proved that, for all these
methods, the condition to determine the characteristic curve for the
contact between a two associated centroids in wrapping is the same one.
The gquality af each presenfed method consists of the way of expressing

the wrapping, the simplicity of the calculation and also,

o maore

suggestive presentation of the wrapping process.

1. Introduction

There are many theorems used for studing
the reciprocal enveloping surfaces: the Olivier's
fundamental theorem, the Gohman’s kinematic
method |1]. [3]. the Willis" method of the
normals [1]. [3]: and also the wmethods of
“minimal distance”™ [3], {4] and {5] (Nikolaev),
for helical surfaces [2]. [3].

These methods are characterized bv the
specificity of thc domain of applicability:
universal, at Olivier, with a high degree of
generalization, at Gohman, “the minimal
distance” and “the family of substituting
circles” and particular at Willis and Nikolaev.

Solving one and the same problem — the
determination of the characteristic (the
characteristic point) of two reciprocal envelope
surfaces is permited by the specific theorems of
each method.

Obviously, Olivier’s theorems. with their
mathematical appearance. make up the
geometrical foundation of the problem, the
envelope surfaces being  considered  as
deformable linens after on ong or two
changeable parameters. Thus, the Olivier
thcorems permit the approach of any problem of

envelope in geometrical but not limitative way
in case of the immutable surfaces — technical
surfaces, a situation that makes up the domain
of application of all the other methods
(metioned before).

If Gohman method represents a direct
intcrpretation of Olivier’s theorems for the
immutable reciprocal surfaces. the specific
theorems of the other mcthods present
particularities of statement and forms of
applicability which, formally. differentiate
them.

In this paper we present the unicity of the
envelope condition — a result of the different
specific theorems of the before mentioned
methods — as a possible demonstration of the
thecrems that determine Lhe curve characteristic
for known cases of the technmical reciprocal
envelope surfaces.

2, Reciprocal envelope surfaces associated
to some rolling axoids

As it is known. the problem of the

reciprocal envelope surfaces associated to some

rolling axoids may bc seen as a plane problem.

for the current case used in technique. where
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the axoids are cvlinders of revolution. This is If we consider the relative movements of
reduced to the study of the envelope of the  the reference systems as;
curves representing the sections of the surfaces | - R,
with a perpendicular plane on the axis of the X=a3p)fE+a].a= pJ 3
axoids associated io the surfaces. "Rrp "

This way of treating the problem of i “opposite”:
envelope by rolling has the advantage of an T
important simplification without reducing its E=wy(p)-X-a )
generality, o 5.

Further on it is examined the unicity of the and the definition of the vector Ry :
envelope condition determined by known X ¢ 7
methods, in case of engendering by rolling with  Rp=——=03(¢)-[E+a+o3(¢)-ap ()
a rack-tool. in order to prove that all the known de
theorems (Gohman, Willis, “the minimal
distance”, “the family of the substituting
circles” and “the trajectories method™) bring to
the same ¢nvelope condition.

2.1. Gohman’s theorem [1}], [3] C

We may have (fig.1) the reference systems 2
associated to the two centroids by rolling C; \
and C; in case of engendering with the rack- '
tool:
En - the mobile system, solidary with the rack- ;
tool: L
XY - the mobile system, solidary with the A
ceniroid of the worked material; | . O Yy
xy - the fixed system : '

~—ARpp

B -\C1 ; o & 7 n
c, | )
-\\r ! \\
; Tg 5
R - L
" Rrp,/l: Y
.I\(,/ | ;
' ;l
s
. _ x B @
X

Fig.1 Reference systems

It is also defined the curve representing the
perpendicular section through the surface %,
Cs: X =X{u) Y =Y(u) (H
with a variable parameter w.
It is known [3] the expression of
Gohman’s theorem of the determination

condition of envelope. expressed as: . o .
Ns- RCP -0 Fig.3 The theorem of ..minimal distance

(2) where. replacing the matrix £ with its
expression (4), then it results
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Ry =Y(u)— Ry, (sin@)-i —

-1 X(u)=Rpp-cosg] -]
The normal to the curve Cy is expressed

{6)

by
Ns =Y'(uj-T-X'(u)-J (7
and so the envelope condition (2) becomes
[¥(u)=Rpp -sinp]-F'fu)+ )

+[X(u)+ Ry -cos@f-X'fu)=0.

2.2. The "Normals” theorem (Willis)

1t is known [1], [3] the normals theorem for
the determination of the envclope condition.
For a frequent sitnation — a circular centroid -
fig.2. associated to a curve surface that we want
to determine the envelope, the normals theorcm
supposes that the normals to the considered
profile intersect the asseciated centroid.

The signification of the reference systems is
the same as in paragraph no. 2.1,

Defining the normal at the profile C; by the
equations (1):

[X-X(u)]- X3 +[Y-Y(u}] ¥y =0 (9,
the condition of intersection with a rolling
circle —Cs:.
X =-Ryp, - cOSQ; Y =Ry -sing (10)

gives the envelope condition;
[Rep - cos@+ X(u)]- Xy +
+[—Ryy, -sin@+Y(u)]- X, =0.
Obviously, this condition (11), -determined

by the normals theorem- is identical with the
Gohman’s condition (8).

an

2.3. The theorem of ,minimal distance”
[31, [41, 15}

Likewise. thc rolling condition determined
by the method of ,minimal distance™ is
analyvzed in fig. 3 .

We consider the same signification of the
reference systems.

According to the,l-st theorem™ the distance ,.d”
is expressed by

d=\/€2+(n‘Rrp “P)z-

(12)

The minimum of “d” supposes the
condition;
ad
= _p 13
£y (13)
that brings to the form
E(u)-E'(u)+ [o(u)~ Ry -@] M(u)=0. (14)

Having the expression of the curve C; (I}
and the movement (4) that determines the
family of curves

FASCICLEV

Cs) E_,=X(u)-coscp—Y(u)‘sinqu,.p;
(sl N=X(u) sing+Y(1)-cos@+ Ry, - @
from (14), it results
[Xfu)-cos@—~Yru) sing+Rpp ]-[X'{u}cosq~Y'ru} smp}+
+{X(upsin@+¥eu)coso] [ X (uisinp+¥'1ujcosqp]=0
(16)
After the development, the expression (16) is
reduced to the form
Xeu) Xitu)+¥(u}-¥'iuj+ an
+Rp-[X'(u) cosp-Y'{uj sino]=0,
that is identical to the cxpressions (8) and (11)
determined by the other methods.

(15)

2.4, ”The family of substituting cireles”

method [3], [7]

According to the “I-st theorem” of the

method of “the substituting circles™ (fig.4),
having the family of the substitution circles

X =Ry -cos@p ~1; - cosfyy;
(T .
= Ry -sinpy 1y -sinfy,
and the conditions of tangent of the circles of
profile C; (1)

(18)

Fig.4 The family of replacing circles

- X(u)=—Ryp-cos@;—r;-cosP;:
Y(u)=Ryp sinQp —r; -sinf;;

19
X'(u) =1 -sinf; (4
Y'(u)=—7; cosp;,
that mayv be described as:
Xluj+ R, -cosqp=—r-cosfi;;
{ p ¢ ¢ i . By (20)
Y{u)=Ryp -sing=—r; -sinf;.
We express the tangent of B; angle:
Y(u)-Ro,-sing  _x'ry
(5B; p XMW

 X(u)+Ryp-cos@  Y'(u)
It results the condition of wrapping:
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Xow) - X'up+¥in) Fru)+

Y'(u ) sing)- R (22) 7 X =[&j —Ryp ]-005@+ [1j; — Rpp- @] - sinp; o6
+[X'(u) cos@=T () sinq] Rep = 0 ¥ =—[&; Ry ] sirp+ [y~
i B 'sinp+ [y -@]-cosq.
that is identical with the expression (8), (11) if Rrp {{:1 R,.p ‘
and (17) of the wrapping condition determined The equation (26) defines a cycloidal curve
by the other methods. associated to the circle with R, ray.
The condition that the point M (E-'U M yJ of
2-5. The trajectories method [3], [8] the ”cloud of poinls» belongs at the same time

In case of engendering with the rack-tool, to 2 trajectory ,T” and has omly one contact
we may imagine an algorithm that permits to  point with the profile =, brings to the
determinatc the primary profile of the rack-tool  identification equations:

- going from the form of the engendering "EN— # e o . )
surface (already done) and from a presentation XF (“)“50 sinQ+[pij = Rpp - @] -cosp,
of the space (the rack-tool be¢longs to)- in the Y (u)=—¢&; -coso— [1i; ~ Ry - ©] - sin .
shape of a tidy cloud of points that may be ( ) v ®0y = ¢
extended to all the points of the space.

We define (fig.5) the reference systems:
£n-a mobile system, associated to the space of

(27}

(see fig.5).

Using (27) we may express the dependence
between the coordinates of the current point of
the clond and the steering paramecters of the

rack-tool; tangent to the ndering profile:
XY - a mobile system. associated to the worked & , cnge . Ep '
material; £ =+ (u)-sinp+Y (u]~coscpJ,‘

xy - a fix reference system. (28)

7if =X (#)-cosp— Y'(u)—simp +Rep .
Also, from (27) and (28) it results:

X(u)X! (1) + Y(u)}" () =— l5ij—Rep-@f-Rypy (29)

or, using the expression (28), we may get to the
form:

X(u)X' (u) + Y(u)}’f(u) =

=R X ()cos{p)+ Y (u)sm((p)]

The condition (30) represents the well-
known form of the wrapping condition specific
for all the known methods: Gohman’s method.
Willis (the normals theorem), the method of the
~minimal distance”, the . family of substituting
circles” method.

Extending the equations (28) and {30) to the
whole space of the tool, we get the envelope of
the profile 2- the primary periferical surface §
of the rack- tool.

(30)

Fig.5 The relative position of the trajectory T
and the profile X,
In the mobile reference system XY, we '
define the generated structure: &= X(”)'COS (p*Y(u)-szn(p+R,.p ,
E‘X=X(u):Y=Y(u) (23) 7 =Y(u)-sr‘mp+X(u)-cos(p +Rup @
with u — a variable parameter. and
y E _éertﬁl)n point fz;nt ;h;w fﬁ gf p?mtt;e X-X'+Y -Y'=Ryp (~X"-cosp+Y"-sing). (32)
gy My j associa ) p ‘ n. in Eliminating, for example, the parameter
IelathC movement tOWaI‘dS the mobile System ”u”, the profike _|=S"" ig cxpressed in lhe form‘

(31)

»

XY. ¥ =&(o);
£ = &),
X =w3(p)E +4] (24) S ,e n((qJ) (33)
a:””Rrp _Rrp ‘PH This way, the ensemble of equations (33)
describes a trajectory, defined by the equations: determines the wrgpping qf t]le profile Z
; o -R (representing the primary perlfencal surface of
X|_fcose  sinpl | o + P (25) the rack-tool) as the geometrical place of the
Y| |-sinp cos Fij _R!‘p'qj points M,-j {QU,nUJ belonging to the cloud of
or points associated to the space En, for that the
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refative trajeciories towards the space XY in the
rolling movement of the {wo associated
centroids are tangents at the generated profile.

2.6, The method of cycloidal trajectories
i9], 110]

To solve the problem of the profiles in
wrapping associated to a centroids couple in
rolling mouvement we may us¢ a mew
formulation of the fundamental theorem of
gearing (sce also fig.6 — the method of
“cycloidal trajectories”

In the rolling movement of the iwo
centroids (where the family of profiles I is
associated) the current point of this profile
describes in the space of the associated centroid
(in fig. Cy) a family of cycloidal curves that we
may determined analytically the envelope.

The envelope of a profile associated to a
centroid and belonging to a cuple of rolling
centroids is the envelope of the family of
trajectorics described by the points of the
profile in the space associated to the conjugated
centroid.

Cycloidal traj ectory of point M; - (Ty)o

Fig.6 Cycloidal trajectorics

If the defined references systems as in fig.6
arc accepted. the family of _ciclovdal
trajectories”™ is generated by the relative
movement of the profile Z. defined by (1),
towards the system &ng ;

) [g =X(u)cos*{p-Y(u)simp+R,.p ;
z ‘len = X (u)sin@+Y(u)cos o+ Rp

The envelope of this family of trajecilories
is the profile associated to the centroid C, and
conjugated to the profile Z.

(34)

FASCICLE V

The geometrical condition for wrapping the
family of cycloidal curves (1) is

’

gu nu
gq} 1'1cp

(35)

where §z: 'gcp’TlusTlcp are partial derivated from

the equations of the family of curves (1).
Theoretically, these derivated may be
written in form:
L‘;a = Xu cos p— Yu sing ;

nu = X,, sinp+ Yu cos® ;

£ =X ()sing-F)cos g ;
= X {u)cos p— Y(u)sme"'Rrp :

Proccssing (35) and (36) it results the
condition:

- X)X, +¥ (), :_RPPL‘YH coscp+1",; sin <p)

(37)
that is identical with the other presented forms,
so we have again the equivalence of the
wrapping conditions.

(36)

3. Conclusions
It’s  obviously from the previous
presentation that the wrapping condition —~ the
curve surfaces associated to some axoids
(centroids) in rolling movement - is the same
for al! the examinated situations.
The specific way of expressing the theorem
of wrapping. in the different methods: Gohman,

Willis, ,minimal distance™, substituting
circles”. ,trajectories method” — brings finally
to the same analytical expression of the

wrapping condition. The way of expressing the
wrapping. the simplicity of the calculation and
also a more suggestive presentation of the
wrapping process are the attributes of each
presented methods.
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SIMILITUDINI INTRE METODELE UTILIZATE IN STUDIUL
SUPRAFETELOR IN INFASURARE
LPROFILE ASOCIATE UNOR CENTROIDE IN RULARE

REZUMAT

Demonstrarea analitica a similitodinii intre diferite procedee de infasurare rezulta folosind diverse
metode de studiu a infasurarii suprafetelor prezentate in aceasta lucrare.

Este dovedita o echivalenta intre diferite metode: universala ( Olivier, Gohman, distanta minima,
familia de cercuri de substituire, metoda traiectoriilor) si particulara (metoda normalelor — Willis si Nikolaev).
De asemenca, este dovedit pentru toate aceste metode, conditia de determinare a curbei caracteristice la
contactul a doua centroide associate in infasurare. Figcare metoda prezentata sc caracterizeaza printr-o
simplitate a calculniui si. de asemenea, printr-o sugestiva reprezentare a procesalui de infasurare,

SIMILITUDES ENTRE LES METHODES ETUDIAIT
ENVELOPPER DES SURFACES
I. LES PROFILS ASSOCIES AUX CENTRES DE
SURFACE DE ROULEMENT

ABSTRAIT

Les démonstrations analvtiques du similitude entre l'enveloppement conditionne des formes. car elles
résultent d'emplover les différentes méthodes pour étudier les surfaces d'enveloppement sont exposées en cet
article.

On le prouve I'équivalence entre les méthodes: universel (méthode d'Olivier.s. de Gohman.s, distance
de minimum. famille de the de substituer des cercles, méthode de trajectory.) et en parficulier (la méthode de
normals- Willis et Nikolaev). On le montrc également gue. pour toutes ces mdéthodes. ia condition pour
déterminer }a courbe caractéristique pour e comtact entre deux centres de surface associés dans lemballage est
la méme. La qualité de chaque méthode présentée comprend la voie d'exprimer l'emballage, la simplicité du
calcul et aussi. une présentation plus suggestive du processus 4’ emballage,

SIMILITUDES ZWISCHEN DEN METHODEN VERWENDETE, DAS
EINSCHLAGEN DER OBERFLACHEN ZU STUDIEREN
L DIE PROFILE DAZUGEHORIG ZU DEN ROLLENCSCHWERPUNKTEN

ABSTRAKTE

Analytische Demonsirationen des similitude zwischen dem Einschlagen bedingt Formulare, da sie aus
dem Verwenden der unterschiedlichen Methoden. um die Einschlagenoberflichen zu studicren werden
herausgestelll in diesem Papier resultieren.

Es wird der Gleichwertigkeit zwischen den Methoden nachgewigsen: Universalitit (Olivier.s.
Gohman.s-Mcthode, minimumabstand. thefamilie des Ersetzens der Kreise, trajectorymethode.) und besonders
{die Methode des normals- Willis und Nikolaev). Es wird auch nachgewicsen, dab, fiir alle diese Methoden, die
Bedingung zum Feststellen der Kennlinie fiir den Kontakt zwischen zwei dazugehérige Schwerpunkte. bei der
Verpackung die gleiche ist. Die Qualitat jeder dargesteliten Methode besteht aus der Weise des Ausdriickens der
Verpackung, der Einfachheit der Berechnung und auch. eine andeutendere Darstellung des aufwickelnprozesses.
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